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OPERATIONALISING CONSTRUCTIVIST THEORY  
USING POPPER’S THREE WORLDS 
David Nutchey, Edlyn Grant and Tom Cooper 
YuMi Deadly Centre, Queensland University of Technology 
Adopting constructivist practices in mathematics without rejecting the integrity of 
fundamental structures of mathematical knowledge is acknowledged as a challenge of 
curriculum reform. This paper illustrates the use of an approach to operationalising 
constructivist theory that supports the description of both the structure of 
mathematical knowledge and the nature of individual’s idiosyncratic and changing 
understanding. 
INTRODUCTION 
This paper applies the Alternative Theoretical Framework (ATF) proposed by Nutchey 
(2011) that was developed from Popper’s three worlds (1978) and Piaget’s reflective 
abstraction (1977/2001), to examine the interactions between a student and a 
researcher in a mathematics classroom. This paper serves to illustrate the usefulness of 
the theoretical framework in regard to operationalising constructivist theory. It shows 
how such analysis is beneficial in developing a deep understanding of the ways in 
which prior knowledge and the intervention of a more experienced individual (i.e., 
teacher, researcher) can influence a learner’s development of mathematical 
understanding which is mutually compatible with other members of the community.  
The paper presents a narrative of the interactions between the second author and a 
student, Zeke. The paper analyses this interaction in terms of the ATF. The narrative 
illustrates how the transformations of reflective abstraction can be supported by 
drawing upon students’ apparent prior understanding of mathematical knowledge to 
support the development of new understanding. That is, how the target of learning (the 
primary structure) can be achieved by considering the corresponding scaffolding 
structures. Underpinning this paper is the conjecture that the desired acceleration is 
possible if due consideration is given to the structure of mathematics and the selection 
of an appropriate sequence of mathematical ideas to be taught. In this regard, the 
presented application of ATF is one way in which to support acceleration. 
The paper firstly provides context for the narrative, then reviews informing theories 
(e.g., Popper, Piaget and Vygotsky), describes the ATF, applies the ATF to the 
narrative, and finally provides a brief discussion and conclusion. 
CONTEXT 
The data reported upon in this paper is drawn from the Accelerating the Mathematics 
Learning of Low Socio-Economic Status Junior Secondary Students (XLR8) project 
(Cooper, Nutchey & Grant, 2013). The XLR8 project has developed an alternate 
curriculum that aims to accelerate the learning of under-performing junior secondary 
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students, such that they can successfully access further mathematics study and 
employment opportunities and thereby improve their life chances.  
Zeke was a student in Year 8 and a participant in the XLR8 project. He believed that he 
could not do mathematics despite having demonstrated a capability for more complex 
thought and reasoning if prompted and scaffolded lightly. In previous lessons the 
students in Zeke’s class had represented relationships, including linear relationships, 
on the Cartesian plane. They had also considered the representation of linear 
relationships (direct proportions) in tables and on dual-scale number lines, and 
considered the concept of rate of change and how this was represented on graphs and in 
tables of data and through the standard equation cmxy += . In the cited lesson, students 
were practising rate-related calculations by attempting several worded questions. 
One group of questions, which are presently reported, related to the purchase of apples. 
The students were informed that apples had the price of $1.45 per kilogram. The first 
question asked how much would seven kilograms of apples cost. Using pen and paper, 
Zeke was observed to independently use a vertical addition algorithm to sum seven lots 
of $1.45. He recorded the result in his workbook as “7kg is $10.15”. That is, his actions 
appeared to be based upon an understanding of multiplication as repeated-addition 
rather than the more sophisticated meaning of combining-equal-groups. 
In the next question, students were asked “How many bags of apples can you buy with 
$29?” Based upon work previously covered in class that involved similarly structured 
word problems, it was expected that students would solve this problem using a division 
calculation. As Zeke attempted this problem, the second author sat and discussed his 
work with him. After some thought and mumbled calculations, Zeke suggested the 
answer was 13, to which the researcher asked “How did you work that out?” It was 
unclear exactly how Zeke arrived at the answer of 13, although his explanation did 
involve doubling the cost and so it is assumed he also doubled the weight to get 13 
(albeit incorrectly). His initial answer also indicated that rather than solve the problem 
using a division calculation, Zeke interpreted the question as one of multiplication with 
an unknown multiplier. 
INFORMING THEORIES 
Constructivist theories, based upon the work of Piaget and Vygotsky, recognise the 
learner’s role of actively constructing meaning from experience (Jardine, 2006), and 
that an individual’s making of meaning will be guided by the activities of the 
individual in the social milieu (Davydov, 1995). However, numerous seminal thinkers 
in the field of education, including mathematics education (e.g., Baroody, 2003; 
Simon, Tzur, Heinz, & Kinzel, 2004; Steffe, 2004), have acknowledged that advances 
in teaching and learning practice have been impeded by difficulties in turning the 
constructivist theories into effective practice. A specific criticism is provided by 
English et al. (English, 2007; English & Sriraman, 2010) who have noted that some 
paradigms based upon constructivist theory have been perceived to reject the integrity 
of fundamental structures of mathematical knowledge as a basis for learning. 
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From an educational practitioner’s perspective, theories of learning must be consistent 
with the domain of learning and must lead to effective classroom practice. In regard to 
the learning of mathematics, these two objectives necessitate reconciliation between 
the existence of a discussable and improvable objective reality and the commonly 
accepted constructivist notion of learners constructing personal meaning through 
authentic domain experience. A common attitude regarding such challenges of 
contemporary mathematics education has been summarised by Baroody (2003, p. 29): 
“instruction cannot be significantly improved ... by turning away from more complex 
methods of instruction”. And so, further effort to operationalise learning theory will 
potentially reduce a significant impediment to the improvement of mathematics 
education, and lead to practice which features teacher-guided, learner-centred 
cognitive activity (Mayer, 2004). 
Popper (1978) conjectured the existence of three worlds of knowledge, in an attempt to 
overcome the limitations he perceived in the monist and dualist conceptualisations of 
knowledge implicit in most objectivist and constructivist theories. Popper accepted the 
existence of physical bodies, describing them as existing in World 1, and the existence 
of experiences, describing them as existing in World 2. Popper conjectured the 
existence of a third world – World 3 – that is comprised of the products of the human 
mind, including languages, scientific conjectures and mathematical theories, 
sculptures and feats of engineering. With specific regard to scientific conjecture and 
mathematical theory, Popper claimed that such World 3 objects can have causal effects 
upon the actions of World 1. In summary, Popper’s World 3 is the world of ideas and 
the content of thought, World 1 is the world of physical actions and objects that 
embody World 3 ideas, and World 2 is the world of mental thoughts that operate over 
the ideas of World 3 and thus mediate between those ideas and the actions of World 1.  
Popperian-based differentiation of objective World 3 knowledge from subjective 
World 2 knowledge provides an alternate lens through which to reconsider 
constructivist learning theories and practices. An example of such reconsideration has 
been proposed by Bereiter (2002), who has metaphorically described knowledge as a 
tool of which the learner builds understanding. This understanding can be 
characterised as the learner’s manifold relationship to knowledge (Woodruff, 2005). 
This paper is based upon the use of Popper’s three-world model of knowledge to 
reconsider key aspects of Piagetian and Vygotskian learning theory. Piaget discussed 
the representation of knowledge in terms of the schema, which is the “structure, 
categorisation or organisation of thought or action” (Jardine, 2006, p. 5). Piaget 
presented schema as some simplified image of knowledge which guides the figurative 
aspects of thought (Piaget, 1970/2000). Piaget’s schema was refined by Dubinsky to: 
“a coherent structure used by an individual to make sense of a perceived problem” 
(1991, p. 102). Piaget (1977/2001) extended his theory to consider the way in which 
schema are transformed during conceptual development. Such transformation (the 
creation of relationships, based upon the observed properties, that modify the structure 
of knowledge) is referred to as abstraction (Dubinsky, 1991). In particular, Piaget 
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considered the idea of reflective abstraction to be sufficiently powerful to describe the 
learner’s entire conceptual development: “[it] ranges over … all of the subject’s 
cognitive activities [and] can be observed at every major stage of development” 
(Piaget, 1977/2001, p. 30). For Piaget, reflective abstraction explained the power of 
transforming the schema by combining or associating pre-existing conceptions in such 
a way that significantly extended the learner’s ability (Dubinsky, 1991). 
In learning environments focussed upon the creation of ideas, such as Scardamalia and 
Bereiter’s (2006) computer-mediated knowledge building communities, the role of 
teacher is that of a more experienced individual. The teacher is in a position to scaffold 
enculturation by proposing abstract concepts, in particular those with which the learner 
has less experience and hence limited understanding, and by drawing upon the 
learner’s extant understanding to make sense of the new concept. Such a scaffolding 
approach draws upon Vygotskian theory, in particular the zone of proximal 
development-based theoretical learning; the teacher creates opportunities for the 
learner to realise the organisation of concepts shared within the community. 
ALTERNATIVE THEORETICAL FRAMEWORK 
Using Popper’s three worlds as the basis for considering learning theories, Nutchey 
(2011) has proposed an alternative theoretical framework. This framework integrates 
Piaget’s reflective abstraction as a fundamental theory with which to characterise a 
domain of World 3 knowledge. The reflective abstraction construct is also used to 
anticipate a learner’s development of World 2 understanding with regard to World 3 
knowledge, and thus informs how the transformation of understanding, or the 
enhancement of the learner-knowledge relationship, might be scaffolded. This 
synthesis of theory is summarised in Figure 1, and forms the basis for the elaboration 
of the operational model that will enable this alternative theoretical framework to be 
put into practice and which is reported upon, in part, in this paper.  It illustrates how the 
learner’s World 2 understanding, which may be inferred from past experience, 
mediates their World 1 actions with regards to the shared World 3 knowledge of the 
community. This in turn suggests that the careful design of future learning activities 
(experiences) may lead to further development of the learner’s understanding of the 
shared knowledge. 
 
Figure 1. Conceptualisation of knowledge and understanding adopted in ATF 
Previously, Nutchey (2011) has described how Piaget’s reflective abstraction has 
formed the basis for creating a graphical language to construct visual representations 
of the structure of mathematical knowledge, referred to as genetic decompositions. 
   
Individual’s action Personal Understanding Shared Knowledge 
World 3: 
Mathematical theories 
World 2: 
Mental thoughts 
World 1: 
Physical actions 
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These examples of genetic decompositions identified mathematical ideas, or 
knowledge objects, and various associations that could be used to link the knowledge 
objects. These associations were based upon Piaget’s five transformations of reflective 
abstraction. The use of genetic decompositions to characterise the structure of 
mathematical knowledge has also been demonstrated by Nutchey, Grant and Cooper 
(2014), in which they were used to aid the formulation of the XLR8 curriculum. 
As was proposed in Nutchey (2011) and is illustrated in the narrative, the ATF 
provides a mechanism to guide (or examine) the transformation of an individual 
learner’s World 2 understanding of World 3 knowledge. For each of the five 
transformations of reflective abstraction, patterns of knowledge objects and 
associations have been conjectured by Nutchey (2011) to correspond to the 
transformations. These patterns of knowledge objects and associations are referred to 
as the primary structures for each transformation. Patterns of knowledge objects that 
typically lay adjacent to the primary structures can also be identified. For each primary 
structure, the set of such generalised adjacent structures is referred to as the set of 
scaffolding structures for the transformation. 
As well, the set of primary structures and associated scaffolding structures can then be 
used to analyse a learner’s developmental trajectory (prior learning experiences) with 
regards to some specific knowledge object of interest for which a deepened 
understanding is desired. Firstly, the set of primary structures related to the knowledge 
object of interest can be identified, since these primary structures define the potential 
for the transformation of understanding. These primary structures can then be 
considered to determine which structure, and hence transformation, is of immediate 
importance in regard to the learner's conceptual development. Based upon this 
identification of the primary structures, a similar analysis of the developmental 
trajectory may also be performed to identify instances of the scaffolding structures, in 
particular those with which the learner has existing understanding (experience). Put 
simply, Nutchey’s (2011) proposition allows for the systematic identification and 
description of the mathematical ideas and their structure that are to be understood, the 
ideas and structure that are already understood by the learner, and how what is already 
understood can be used to scaffold future learning.  
APPLICATION 
To undertake such analysis, the XLR8 project has adopted design research as the 
methodology by which to iteratively propose, trial and refine theory and practice in 
regard to the XLR8 curriculum for accelerated learning. In particular, a variant of 
teacher experiment that is referred to as multi-faceted teaching experiment has been 
proposed and adopted, the details of which are discussed in Nutchey, Grant, Cooper 
and English (2015). In essence, this approach treats each participant (student, teacher 
or researcher) as “a mathematician who is developing their understanding of the shared 
mathematical knowledge, albeit at different levels of sophistication” (Nutchey et al., 
2015, p.5). To examine the implementation of the XLR8 curriculum, a variety of 
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qualitative data was collected, including audio-recorded and transcribed classroom 
discourse, field notes and collected artefacts. To construct this paper’s narrative, these 
data were analysed by both authors and the agreed upon interpretation reported.  
The narrative of Zeke’s work is now continued. The researcher queried Zeke’s initial 
response and probed the process he used. Referring to Zeke’s written answer to the 
previous question, the researcher stated, “so you doubled that and you doubled that” to 
which Zeke replied “oh yeah, 14”. The researcher added a line to Zeke’s workbook, 
showing the weight of 14 kilograms and the cost of $20.30. She highlighted the 
doubling relationship within the quantities of the same type using a familiar tabular 
representation to scaffold manipulation of the proportion concept. Zeke then suggested 
a new answer of 19. Again, the researcher queried his answer, “how did you get 19”, to 
which Zeke replied “I don’t know”. 
The researcher persisted, “So you are saying another five kilograms more? … So 
how?” Zeke replied “$1.45, so four more … four more, is it seven?” Clearly Zeke 
estimated the answer of seven, and so the researcher asked Zeke to calculate the value, 
reminding him he could use a similar strategy to before (scaffolded coordination of 
place value and addition with symbolic representation). Zeke completed the sum of 
five lots of $1.45 and arrived at the total of $7.25. The researcher stepped out the sum 
thus far: $20.30 for 14kg and the $7.25 for the 5 kg. The researcher highlighted that the 
cost was still not up to $29, and she then suggested “I am just thinking, you’re up to 
$27.55, if you add one more kilo does that get you to $29?”. The researcher then 
reiterated the sum in a way to query to the total “so you had 14 and 5 is 19 and 1 more?” 
to which Zeke replied “Oh, 20.” 
DISCUSSION AND CONCLUSIONS 
To scaffold Zeke’s solution this problem, the researcher leveraged Zeke’s apparent 
understanding of repeated-addition meaning of multiplication. Rather than try to solve 
the problem using division, the researcher instead chose to coordinate this 
multiplication strategy with a strategy to decompose the problem into three simpler 
parts (the cost of 14kg, 5kg and 1kg).  
To support this, the researcher augmented her verbal prompts and explanations with 
text written in Zeke’s workbook. After deducing that 14kg would cost $20.30 Zeke 
wrote in his book “14kg is $20.30”. The researcher drew upon this representation, 
recording directly under Zeke’s writing the weights (5kg, 19kg, 1kg, 20kg) and costs 
($7.25, $27.55, $1.45, $29). This tabular-like representation of the quantities was 
referred to throughout the discussion. This expression of the proportional situation 
using the tabular representation became the scaffolding structure to help coordinate the 
direct proportion calculation. During this exchange, the researcher involved Zeke in 
the use of the table and performing calculations – a common action – that was based 
upon the researcher’s recognition of Zeke’s current understanding and which 
incorporated the researcher’s more complex understanding of proportional thinking 
(the primary structure to which the researcher intended Zeke to build a relationship). 
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This example of classroom interaction has been used to illustrate how a more 
experienced individual (teacher) can draw upon their own unique understanding of 
mathematics to shape the experience and hence understanding of a lesser-experienced 
individual (student). This relies firstly on the student engaging in some activity that 
exposes their understanding, an activity that can be observed and interpreted by the 
teacher. This prior understanding can be used as a scaffolding structure. The teacher 
can then compare their observation to their own understanding of the shared 
knowledge and craft the learning experience. This should take into consideration the 
cognitive mechanisms by which the students understanding may be transformed, that 
is, the five transformations of reflective abstraction and subsequent selection of a 
primary structure to which student understanding will be developed.  
The crafting of such an intervention should aim to build connections between the 
learner’s prior knowledge and new knowledge and so achieve the desired relational or 
structural understanding of mathematics. Through such carefully constructed 
co-activity, the learner and teacher come to a mutually compatible understanding of 
mathematics characterised by the understanding of a similarly connected set of 
mathematical concepts. By crafting such a learning activity that supports the student’s 
action, the learner may develop an understanding that will underpin their future 
independent activity and the teacher may develop awareness and ability react to 
students’ misconceptions. From the standpoint of the researcher, it is hoped that this 
type of detailed consideration may usefully inform the design and implementation of 
future mathematics curricula and classroom teaching. 
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